Polyethylene oxide (PEO) containing a lithium salt (e.g. LiI) serves as a solid polymer electrolyte (SPE) in thin-film batteries and its ionic conductivity is a key parameter of their performance. We model and simulate Li + ion conduction in a single PEO molecule.
Introduction
Lithium and lithium-ion batteries have made substantial and significant gains in the last 30 years, becoming the dominant rechargeable batteries for consumer portable applications. A lithium-ion battery employs a metal oxide or sulfide material with typically a layered structure (such as LiCoO 2 , LiM n 2 O 4 , LiN iO 2 , T iS 2 , etc.) as its positive electrode (cathode). The negative electrode (anode) is typically a graphitic carbon. During discharge, the positive material is reduced and the negative material is oxidized. In this process, lithium ions are de-intercalated from the anode and intercalated into the cathode material. The charge/discharge voltage depends on the current and resistance of all battery components.
In most solid-state lithium-ion batteries, a thin layer (0.02 to 0.2mm) solid polymer electrolyte (SPE) is sandwiched between two electrodes and the ionic conductivity of the SPE medium is of prime importance. A classical SPE consists of organic macromolecules (usually of a polyether polymer) doped with inorganic salts. In order to form an effective SPE with mobile cations, a balance must be struck in a cation-polymer bond so that it is sufficiently strong to promote salt dissociation, but sufficiently weak to permit cation mobility. Poly(ethylene oxide) (PEO) is a classic example of a lithium ion-host matrix because of a peculiar array in the (−CH 2 − CH 2 − O−) n chain that provides the ability to solvate low-lattice-energy lithium salts. The typical molecular weight of the PEO is 5 × 10 6 , implying ∼ 10 5 O(CH 2 ) 2 repeat units per molecule.
Pure PEO near room temperature contains both amorphous and crystalline microphases, and has an extended helical structure with seven O(CH 2 ) 2 groups in two turns of the helix [1] . This long helical chain is bent many times. The incorporation of salts into the polymer inevitably reduces the freedom of polymer-chain motion via binding interactions between the ether oxygens and cations. In this case, the anion is dissociated from the cation and does not interact significantly with the chain. Its motion requires a free volume between the polymer chains [3] .
It is well established that cation transport occurs primarily along the helical axis [1] . Obviously, this venue of ionic motion cannot alone account for transporting ions over long distances, because the polymer molecule is extremely entangled and it is sometimes energetically more beneficial for an ion to jump to another molecule than to continue its motion by a more complicated route. Therefore inter-chain transport is essential for long-range conduction. It has recently been found [4] - [7] that intra-chain transport is far more efficient than inter-chain hopping, making the latter process rate-limiting. The inter-chain ion hopping is assisted by a polymer segmental motion that controls the instantaneous distance between adjacent chains.
The fact that such moves are essential for long-range transport through the polymer network explains the strong correlations usually observed between ionic conduction and host segmental dynamics in these systems, e.g. the correlation between ionic mobility and the host glass transition [4] .
It has been shown in a series of recent articles [5] - [7] that stretching films of Li-P(EO) complexes results in a more than an order of magnitude enhancement of the DC conductivity along the stretch direction.
The following is a detailed summary of some experimental observations related to PEO stretching.
References [5] - [7] discuss PEO-lithium salt polymer electrolytes LiX:P(EO)n with ethylene oxide-to-salt molar ratio n (i.e. the variable n indicates that for each Li + ion there are n atoms of "O" in the PEO polymer electrolytes) varying from 3 to 100. X represents different anions, such as iodide, triflate, hexafluoroarsenate, etc. The polymers were cast and hot pressed to be 300 micron -thick films. The length of the neck was 14 mm and its minimal internal width was 8 mm. The cross-section of the film at the neck was 0.3×8 mm 2 . Films were stretched by applying a load along the stretching direction. Up to an extension load of 400 N/cm 2 along the polymer specimen, neither polymer electrolyte resistance nor visible sample changes were observed. Under a load of 450-800 N/cm 2 , the samples began to flow and the DC conductivity increased by a factor of 2-40, depending on the EO:Li ratio (n) and stretching conditions. After removal of the load, stretched polymer electrolytes retained high ionic conductivity. In room temperature stretching, the length of the LiI:P(EO) polymer electrolyte films with n = 20 increased in the stretching direction by a factor of 2.5, whereas the width and the thickness decreased by a factor of 1.5 and 3, respectively. The changes in the dimensions of the films were much stronger when stretching was carried out at 60C. The DC conductivity in the stretching direction increased by a factor of 5-8 at T = 40C and by factor of 11-20 at 60C. For films subjected to a critical load flowed, the film length increased by a factor of 3-6, whereas its thickness decreased by a factor of about 4.
The profound effect of stretching on the ion transport properties of polymer electrolytes was detected for different lithium salts, such as lithium iodide, lithium trifluoromethanesulfonate, lithium hexafluoro-arsenate, lithium bis(oxalato)borate and lithium trifluoromethanesulfonimide. In [5] it was found experimentally, that there are at least three degrees of stretchinginduced structural long-and short-range order. SEM, AFM and XRD tests detected a formation of unidirectionally oriented microphases, with each domain composed of aligned fibers.
Detected changes in Fourier transform infrared spectroscopy were mainly related to the perturbation of the CH 2 groups and −O − C − C − O− torsional angles. It was suggested that stretched polymers adopt a modified helical structure, similar to that of an extended salt-free PEO helix. In [4] the authors presented a model that accounts for stretching-induced structural anisotropy accompanied by ion conduction enhancement. The authors addressed a transition from spherical to spheroidal shapes of the high conduction regions as a result of alignment.
This situation is similar to that in protein channels of biological membranes [8, 9, 10, 11] , where ions diffuse through a channel that separates two baths of salt solutions of different concentrations. In our case however, the bath solutions are replaced by a solid anode and cathode and the LiI salt is solvated in the dry polymer. Continuum models of the motion of ions through protein channels are most commonly based on the assumption of Brownian motion (diffusion) in an electric field, created by the 'permanent' charge of the protein, the charge of the mobile ions, and the voltage applied across the membrane [9, 10] . These models are based on the mean-field assumption and need special assumptions to account for ion-ion interactions, such as finite ionic size.
The need for coarse-grained mathematical descriptions of ions in PEO/(channels) is apparent. A set of theories is needed to form a hierarchy of models using the following descriptions: The description (1) of ions in PEO/(channels) on the atomic level is derived from classical electrostatics [17] and mechanics [18] . The collective motion of all atoms and molecules at this level of resolution is described by a large number of ordinary differential equations coupled to
Poisson's equation for the electrostatic field, as done in MD simulations [11] . The limitation of this description is obvious: there is not enough computational power available now or in the foreseeable future to keep track of all the relevant degrees of freedom for sufficiently long times to move an ion from anode to cathode by crossing the channel.
Descriptions (1) and (2) can be used to describe and model diffusion of interacting particles, however, as mentioned above, description (3) cannot capture finite size effects for ionic diffusion in confined geometries in a systematic way. We adopt therefore the Brownian resolution theory (2) , which can handle the ion-ion interactions yet is computationally feasible. In the present setup, the I − and Li + ions are kept apart from each other by the polymer and the Li + ions are kept apart by Coulombic repulsion, so the finite size effects become significant only at high concentrations. Therefore, we do not incorporate finite size effects in the present simulation, but we will investigate their effect in a subsequent paper.
In the coarsest Brownian resolution, we approximate the potential of the electric forces by
Coulomb's potential of all mobile and fixed charges in the model and the applied potential, neglecting induced surface charges at interfaces. We then compare the simulation results with those of experiments reproted in [5] - [7] .
The paper has the following structure. The model that is described in section 2. A fast algorithm for particle simulation is given in section 3. Simulation results and their comparison with experimental results reported in the literature is described in section 4.
The model
The simulations and modeling carried out in the present work are focused on the analysis of the conductivity enhancement induced by orientational distribution of helical segments of the molecular chain (from isotropic to non-isotropic) as a result of PEO stretching.
As noted above, the as-cast PEO under consideration consists of long helical molecule of randomly oriented molecules. In our model, the as-cast PEO configuration is essentially that of a bundle of straight chains inclined relative to the line perpendicular to electrodes A and K The Coulombic potential created on the x-axis by the PEO charges is given by
where q − and q + are the net negative and positive charges on a ring, x + ij and x − ij are respectively the coordinates of the units CH 2 and O, and n 1 and n 2 are respectively the numbers of positive and negative particles, respectively. We assume an external applied potential Ψ E (x). The Coulombic potential of the inter-ionic forces acting on the n-th lithium ion at x n is given by
and that for the force acting on the n-th iodine ion at y n is 
whereẇ andν are vectors of independent standard δ-correlated Gaussian white noises, and the components of the electric forces (per unit mass) on the n th lithium and iodine ions, respectively, are given by
We simulate the system (2.4) by discretizing time and moving the ions according to the Euler scheme
where ∆w(t) and ∆ν(t) are zero mean independent Gaussian random variables with covariances I∆t (I is the unit matrix). A Li + trajectory x i (t) that reaches the graphite anode (on the right in Fig. 1 ) is instantaneously restarted at x i = 0 and the counter of restarted trajectories is increased by 1. An I − trajectory that reaches either the cathode or anode is instantaneously reflected. The total charge Q(t) absorbed in the graphite by time t produces the noisy battery current
We simulate 16058 bound ions in each chain ( [15] ). The interactions between all charges are computed efficiently by a Fast Multipole Method (FMM)-type method [19] . Our aim is to calculate the steady state average of I(t) . is the center of the domain (see Fig. 3 ), which coincides with the fourth particle O. The potential and the corresponding forces become periodic, Φ(x + d) = Φ(x) and
where d is the length of the domain (see Fig. 3 ). This approximation follows from the periodic structure of the polymer. We calculate the potential at a large number of points x inside one domain, taking into consideration only the contribution of several adjacent domains. The dependence of accuracy on the number of domains included in the computation is investigated below.
-X CH 2 is at a distance R = 0.1nM from the x−axis.
Y O is at a distance r = 0.04nM from the x−axis.
Li + on the x−axis. Therefore, in order to obtain higher accuracy it is necessary to take more than four boxes (N ≥ 4) on each side of the central box. More boxes on each side are needed to increase the accuracy by a factor of 10 when the error is reduced to be below 3.5%. The contribution of these additional boxes beyond the 4th box on the central box is computed by using a Taylor expansion of the potential in Eq. (2.1) in powers of x. Therefore, we compute
where φ(x) represents the correction to the potential generated by charges contained inside remote adjacent boxes. Contribution from more distant boxes, beginning with the (N + 1)-th box, is represented by their Taylor approximation, as described below. The error will be reduced from 10 −2 to 10 −3 range by going from considering 4 boxes to 10 boxes.
As above, we compute the potential at p points in the central box to find its distribution.
The same distribution is valid inside any other box, except for several boundary boxes, because the potential is periodic away from the boundaries. Then, we compute the coordinate of each Li + ion by Eq. 2.7. The Li + ion can be at any location in the polymer (in any box). If this ion is not located in the central box, we map its coordinates into the coordinates of the central box, as described below.
At this stage we ignore boundary effects. Therefore, the value of the potential repeats itself when we display the coordinate by an integer number of box lengths. We take advantage of this periodicity as follows. We perform a preliminary computation of Φ N (x) at p points in the central box which requires O(p) operations. To compute the potential at a given point
x outside of the central box, we map its coordinate into the central box. In other words, we calculate an equivalent coordinate x 0 inside the central box where
is the length of the central box. The value of the potential at the point x is equal to the value of the potential at x 0 , which was computed above. This procedure is obviously inexpensive since it is done once.
Computing the forces
The electrostatic force on a Li + ion at a point x on the axis is given by Eq. The relative changes of the force expressed in percentages is presented in Fig. 7 where the computation is done in a similar way to that of the potential above. Specifically, we compute the force in the central box without the contribution from the third left and the third right adjacent boxes. Then, we compute the force in the central box with the contribution from the third left and the third right adjacent boxes. We find that four boxes on each side of the central box are insufficient to achieve the required accuracy. Therefore, we consider the contribution from two additional boxes on each side. The results are displayed in Fig. 7 . Another force computation, which uses Eq. 2.6, is presented in Fig. 8 . The error between the computations in the top and bottom parts of Fig. 8 reaches a maximum of 0.015% close to the boundary of the central box (see Fig. 8 (top) ). In conclusion, from all the above computations, we will now base our force computations on the contribution from four adjacent boxes on each side of the central box with the Taylor expansions of two additional adjacent boxes. Therefore, Eq. 2.1 will assume N = 4
4 Simulation results
Stretching by intra-box inclination of the polymer molecule
In our model (section 2, Fig. 1 ), the polymeric film is a thin layer of molecular structures (boxes) that are oriented at random along an axis (X new ) where X new is perpendicular to the electrodes A and K. In each box, each helix (molecule) forms a random angle with the X new axis. Upon mechanical stretching, the helices align along the axis of stretching, i.e. the inclination of molecules decreases -see Fig. 9 . When the thickness of the film decreases and the helices are aligned along the stretching direction, the diameter of a single helix does not change.
The number of orientations along a chain molecule is large, so considering each of them individually is computationally expensive. Therefore, we adopt a statistical approach and calculate appropriate averages over a distribution of configurations of an ensemble of chain molecules.
In the model, we assume that stretching of the sample is achieved only by decreasing the inclination of a molecule inside a box. If the mean inclination of the molecule before stretching α 1 ≃ 1.2409738 ( Fig. 9 (left) ) drops to a value β 1 = arccos(3 cos α 1 ) ≃ 0.2387879 so that 
Simulation results
Experimental results [6] - [7] EO:Li Unstr. 
General
We note again the key simplifying assumptions in this model: Brownian dynamics of Li+/Iions are simulated in a single molecule. In the present setup, the Li+ and I-ions are kept apart from each other by the polymer and the Li+ ions are kept apart by Coulombic repulsion, so the finite size effects (e.g., Lennard-Jones forces) become significant only at high concentrations.
Therefore, finite size effects are not incorporated in the present simulation. The polymeric film is a thin layer of molecular structures oriented at random. Each helix (molecule) forms a random angle with an axis (-see Fig. 1 ), which is perpendicular to the electrodes. Upon mechanical stretching, the molecular structures align along the axis of stretching, i.e. the inclination of molecules decreases -see Fig. 9 .
The limitations of our model result from its coarse-grained nature, as well as from the heuristic way in which we introduced the orientation of a molecule in space. This makes it difficult for a given material to assign volume fractions and local conductivities to existing phases. For this reason, we cannot hope to account quantitatively for any observation. Our aim was therefore to check whether the model introduced above can account for the qualitative observations in a consistent way.
Stretching effect
The simulation results of Fig. 11 show an excellent agreement in the effect of stretching on the longitudinal conductivity of PEO between simulation and experimental data over the entire n range. The agreement is not only in the correct trend (fast increase from n = 3 to n = 9, then an almost equally fast decrease from n = 9 to n = 20 with a further leveling of the ratios to an almost constant value), but also in the absolute values of the ratios. This in spite of the fact that the absolute values of the conductivities themselves, as seen in Fig. 10 and in Tables   1-2 match only at low n values. Above n = 9, the simulated vs. experimental longitudinal conductivity values for both RT stretched and unstretched PEO may differ by an order of magnitude and more. We note that the experimental values exhibit significant spreads [5, 6, 7] .
In view of the uncertainly in these values, and the remark on the essentially qualitative nature of our model, the excellent agreement in conductivity ratios should be considered as indicative of a solid physical standing of the underlying physical model. The simulations certainly account for the qualitative observations.
Temperature effect
The agreement in the temperature effect on the PEO longitudinal conductivity shown in Fig. 12 is less impressive, with the correct trend seen only at low n values (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) . Given the simplified model used in the simulation, obtaining the correct trend as well as absolute ratio value over the entire n range (as in Fig. 11 ) or only over a partial n range (as in Fig. 12 ) is a significant achievement, which again attests to the fact that the model has solid physical standing.
Other assumptions made in our model remain to be tested by future experiments. Controlled measurements of the film conduction properties as functions of a properly chosen stretch parameter (angle of inclination) will be critical in this respect. In this context, it is important to mention again the differences that may exist between macroscopic and microscopic distortion.
Macroscopic distortion always implies a change of shape. We assumed that such shape change takes place also on the microscopic molecular scale by changing the angle of inclination of the molecule, but one can envision a later stage of the stretch process in which the macroscopic shape changes due to redistribution of already elongated structural units in space, without further changes in their shape.
